We theoretically investigate basic properties of nonequilibrium steady states of periodically-driven open quantum systems based on the full solution of the Maxwell-Bloch equation. In a resonantly driving condition, we find that the transverse relaxation, also known as decoherence, significantly destructs the formation of Floquet states while the longitudinal relaxation does not directly affect it. Furthermore, by evaluating the quasienergy spectrum of the nonequilibrium steady states, we demonstrate that the Rabi splitting can be observed as long as the decoherence time is as short as one third of the Rabi-cycle. Moreover, we find that Floquet states can be formed even under significant dissipation even when the decoherence time is substantially shorter than the cycle of driving, once the driving field strength becomes strong enough. In an off-resonant condition, we demonstrate that the Floquet states can be realized even in weak field regimes because the system is not excited and the decoherence mechanism is not activated. Once the field strength becomes strong enough, the system can be excited by nonlinear processes and the decoherence process becomes active. As a result, the Floquet states are significantly disturbed by the environment even in the off-resonant condition. Thus, we show here that the suppression of heating is a key condition for the realization of Floquet states in both on and off-resonant conditions not only because it prevents material damage but also because it contributes to preserving coherence. arXiv:1912.03176v1 [cond-mat.mes-hall] 
I. INTRODUCTION
Nonlinear interaction of strong light with matter is an important subject from both fundamental and technological points of view and has been intensively investigated for a long time [1] [2] [3] [4] [5] [6] . Laser fields can directly couple with electrons in matter and induce nonequilibrium electron dynamics. Thus, strong laser fields can be employed to control the electronic properties and functionalities of materials [7] [8] [9] . In the ultrafast regime, light-induced electron dynamics in solids within sub-femtosecond time-scale have been intensively investigated towards petahertz electronics [10] [11] [12] [13] [14] [15] [16] [17] . In addition, strong light may also couple with phonons in solids and renormalize electron-phonon coupling, triggering light-induced superconductivity [18, 19] . In these light-induced phenomena, target systems are actively driven by light. Therefore, substantial energy transfer from light to matter is expected [20] . In most cases, the systems of interest are not isolated but are coupled to their surrounding environment. Thus, a part of the transferred energy is dissipated to the environment. Moreover, through the interaction with the environment, coherence of light-induced dynamics can be lost. Therefore, proper understanding of light-driven dynamics in a dissipative environment is indispensable towards realization of optical-control of realistic systems.
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Floquet theory, and various interesting properties of the driven systems have been discussed such as the emergence of new topological states [21] , the dynamical localization [22, 23] , among others [24] [25] [26] [27] . Theoretical investigation of periodically-driven systems has been further extended to dissipative systems, or namely, open quantum systems, and the effects of the dissipative environment have been discussed in various aspects such as realization of Floquet-Gibbs state [28] [29] [30] , the asymptotic states under the memory-effect [31, 32] , and topological properties [33, 34] . Furthermore, the Floquet-Bloch states have been experimentally observed as the Rabisplitting in the angular-resolved photo-electron spectroscopy (ARPES) in extended systems [35] . Recently, the light-induced anomalous Hall effect in graphene has been experimentally observed [36] , originating from population effects on top of the realization of Floquet states subjected to substantial dissipation [37, 38] .
Optical-control of materials based on Floquet engineering has been attracting great interest ranging from lightinduced topological phase transitions [21, 39] to optical control of chiral superconductors [27] . However, the realization of Floquet states and the control of their population are highly nontrivial tasks in a dissipative environment [40, 41] . In this work, we theoretically investigate basic properties of periodically-driven open-quantum systems with Maxwell-Bloch equation [42, 43] , which may be the simplest model for driven open-quantum systems, and provide an insight into the realization of Floquet states in such systems, addressing the following open questions: Which kind of relaxation mechanism affects the formation of Floquet states, and which does not? How long is coherence required to persist to realize Flo-quet states? Can Floquet states be formed even under a significant dissipation, e.g. when the relaxation time is shorter than a driving period?
The paper is organized as follows: In Sec. II we first describe the Maxwell-Bloch equation and several equivalent descriptions of open quantum systems. Then, we introduce basic quantities of nonequilibrium steady states, Floquet fidelity and quasienergy spectrum, which will be investigated in the following sections. In Sec. III we investigate the properties of the nonequilibrium steady state in both resonant and off-resonant conditions. Finally, our findings are summarized in Sec. IV.
II. METHOD
Here, we describe theoretical methods to investigate basic properties of nonequilibrium steady states of open quantum systems under a periodic driving. First, we introduce the Maxwell-Bloch equation, where timeevolution of a density matrix of a two-level system under a periodic driving is described with relaxation time approximation. Then, we revisit equivalent descriptions of the open-quantum system with the Lindblad equation and the stochastic Schrödinger equation. Finally, we introduce two quantities to study nonequilibrium steady states; Quasienergy spectrum of driven open-quantum systems and Floquet fidelity [37, 38] .
A. Equation of motion of driven open-quantum systems
In order to get a microscopic understanding of the nonequilibrium dynamics of open quantum systems, we consider a two-level driven system in dissipative environment based on the Maxwell-Bloch equation. For detailed analysis of the nonequilibrium system, we further revisit equivalent descriptions in different forms.
Maxwell-Bloch equation
We first revisit the description of nonequilibrium dynamics of a two-level system based on Maxwell-Bloch equation [42] , which can be seen as the simplest form of the semiconductor Bloch equation and has been used to develop microscopic insight into the driven dynamics of dissipative systems [43] . The time propagation of the system is described by the following quantum master equation
where ρ(t) is the density matrix of the two-level system, H(t) is the Hamiltonian, andD [ρ(t)] is the relaxation operator. The Hamiltonian of the two-level system is given by
where σ i are Pauli matrices, ∆ is the gap of the two-level system, F 0 is the amplitude of an external field, and Ω is its frequency. Furthermore, the dissipation operator is constructed with the relaxation-time approximation aŝ
where ρ ij (t) is a matrix element of the density matrix, i|ρ(t)|j , with the eigenbasis of the subsystem Hamiltonian, ∆σ z /2; |g = (0, 1) † corresponds to the ground state, while |e = (1, 0) † corresponds to the excited state. While the longitudinal relaxation time T 1 corresponds to the population decay constant from the excited state |e to the ground state |g , the transverse relaxation time T 2 corresponds to the decay constant for coherence. Thus, in this work, we shall call T 2 decoherence time.
Lindblad equation
To smoothly connect the Maxwell-Bloch equation to the equivalent stochastic Schrödinger equation approach [44, 45] , which will be used to introduce the quasienergy spectrum of the driven system later, here we revisit the relation between the Maxwell-Bloch equation and the Lindblad equation [44, 45] . The quantum master equation (1) with the relaxation time approximation (3) can be equivalently expressed in the following Lindblad form
by employing the two Lindblad operators,
Here, the anticommutator is defined as {A, B} = AB + BA. The scattering rate γ α in the Lindblad equation (4) and the relaxation time T i in the Maxwell-Bloch equation (1) have the following relations,
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Note that the Lindblad master equation (4) is invariant under the arbitrary phase multiplication, L i → e iθ L i . Nevertheless, we explicitly choose the form of the Lindblad operator, especially for, L 2 so that the environment scatters only the excited state |e but the ground state |g is not scattered in the following Stochastic approach. Preventing scattering of the ground-state also avoids unphysical modification of the quasienergy spectrum of the undriven system that would occur otherwise.
Stochastic Schrödinger equation approach
The Lindblad equation (4) for the density matrix propagation can be equivalently described by a stochastic approach based on non-Hermitian Schrödinger equation for the wavefunction propagation [44, 45] . Therefore, the Maxwell-Bloch equation can be equivalently evaluated with the stochastic Schrödinger equation approach.
For later convenience, we revisit this stochastic trajectory approach [44, 45] . To introduce the wavefunction propagator, we rewrite the Lindblad equation (4) as
with the conditional Hamiltonian defined as
The time-evolution of the density matrix ρ(t) obeying the Lindblad equation (4) can be obtained by propagating the non-Hermitian Schrödinger equation, i d/dt|ψ(t) = H c (t)|ψ(t) , with stochastic quantum jumps that occur at a given time step. The probability of the stochastic quantum jump is evaluated from the norm of the wavefunction, ψ (τ )|ψ(τ ) . In practical calculations, we employ the the following algorithm. For simplicity, here we assume that the initial density matrix ρ(0) is a pure state: ρ(0) = |ψ(0) ψ (0)|.
(i): Set the initial wavefunction to the initial pure state |ψ(0) .
(ii): Propagate the wavefunction |ψ(t) by the non-Hermitian conditional Hamiltonian H c (t);
(iii): Perform quantum jump at t j + τ after time τ since the last jump at t j with probability p = ψ (t j + τ )|ψ(t j + τ ) ;
where the index α is chosen with probability
(iv): Repeat the steps (ii) and (iii) until the simulation time t reaches the final time of the simulation t f .
(v): Repeat the above stochastic procedures and evaluate the density matrix as the statistical average from the stochastic trajectories as
In the limit of large number of trajectories, it can be demonstrated [44, 45] that the statistical average converges to the solution of the Lindblad equation (4) .
Note that the expectation value of an operatorÂ can be evaluated as the statistical average of the corresponding expectation value of the stocastic wavefunctions as
B. Quasi-energy spectrum of driven open-quantum systems
Here, we introduce a computational scheme to evaluate a quasienergy spectrum of driven systems. The scheme is inspired by what is done in the modeling of photoelectron spectroscopy (PES), which is widely used to investigate equilibrium quasiparticle energy spectra as well as those of driven systems [26, 35, 46, 47] .
First, we describe the method to compute the quasienergy spectrum of closed driven systems. Later, we will extend it to open quantum systems based on the above stochastic Schrödinger equation approach. Here, we consider a two level system described by the following Schrödinger equation,
where F (t) is a time-dependent external field. In order to investigate the quasienergy spectrum of the driven system, we introduce theoretical detector states, | , associated with each detected energy . By embedding these theoretical detector states into the original Hilbert space of the two-level system, we reconstruct the Hamiltonian of the full system as
where the first term is the original Hamiltonian of the system that is being probed H(t), the second term is the Hamiltonian of the embedded detector states | , and the last term is the interaction between the system of interest and the theoretical detector states via a probe field v(t).
In the interaction Hamiltonian, |i denotes a state of the original system that we would like to probe, and we set it to the ground state |i = |g . Furthermore, we employ the following form for the probe field,
where ω is the driving frequency of the probe perturbation, and f (t) is an envelope function. Assuming the probe field is weak enough, the solution of the Schrödinger equation of the full system, id/dt|ψ
where |ψ(t) is the solution of the Schrödinger equation of the original system, Eq. (16), and c( , t) is an expansion coefficient of the theoretical detector state | . Employing the rotating wave approximation, the equation of motion for the coefficient c ( , t) can be approximated aṡ
Thus, the population of the detector state | after the probe perturbation v(t) can be evaluated as
The population distribution at the detector reflects the quasienergy structure of the closed quantum system described by the Hamiltonian H(t).
We further extend this numerical PES scheme to open quantum systems. Inspired by a fact that the expectation value of an observable can be evaluated as the ensemble average of stochastic trajectories with Eq. (15), we evaluate the quasienergy spectrum of open quantum systems as the ensemble average of the spectrum of each trajectory. In practice, the population of the detector states in the case of open quantum systems is computed as the statistical average of stochastic trajectories,
C. Floquet fidelity
Here, we introduce a measure to quantify the similarity of nonequilibrium steady states under periodic driving fields and the corresponding Floquet states. We shall call it Floquet fidelity [37, 38] .
Floquet states |ψ F,a (t) are defined as solutions of the time-dependent Schrödinger equation with a timeperiodic Hamiltonian, id/dt|ψ F,a (t) = H(t)|ψ F,a (t) , with the following form:
where |u F,a (t) has the same time-period as the Hamiltonian, H(t), and F,a is the Floquet quasienergy. As Floquet states are defined as the solutions of the timedependent Schrödinger equation, they are not necessarily solutions of the quantum master equation (1). Nevertheless, nonequilibrium steady states of open quantum systems may show some signatures based on the corresponding Floquet states under certain conditions [28] [29] [30] .
To introduce the Floquet fidelity, we first consider the eigenvalue decomposition of the density matrix in a nonequilibrium steady state as,
where λ a (t) is an eigenvalue and |N O a (t) is the corresponding eigenvector. Since the density matrix of the nonequilibrium steady state has the time-periodicity of the Hamiltonian, ρ(t) = ρ(t + 2π/Ω), the eigenvalues and the eigenvectors may have the same periodicity,
These eigenvectors of the one-body reduced density matrix are known as natural orbitals [48] , and the eigenvalues can be interpreted as their occupations. By construction of the natural orbitals, the expectation value of an observableÂ can be evaluated as the sum of the expectation value of each natural orbital with the occupation weight as
Therefore, the natural orbitals can be seen as very accurate representative single-particle states of the system. Based on this fact, we quantify the similarity of the nonequilibrium steady state and the Floquet states by the similarity of the corresponding natural orbitals and the Floquet states.
In practice, to define the similarity, we first introduce a Floquet fidelity matrix F [37] whose matrix elements F ij are defined as the cycle average of the squared overlap of the i-th natural orbital and the j-th Floquet state as
where T is the time-period of the Hamiltonian, T = 2π/Ω. Then, the Floquet fidelity S F is defined as the absolute value of the determinant of the Floquet fidelity matrix, S F = |detF |. The Floquet fidelity takes the maximum value of one only if all the natural orbitals have identical Floquet states. Therefore, if the Floquet fidelity is one, the Floquet states diagonalize the density matrix. In general, 0 ≤ S F ≤ 1.
III. RESULTS

A. Resonant driving
We first investigate the nonequilibrium steady state of the two-level system under the periodic driving in the resonant condition, Ω = ∆. To realize the nonequilibrium steady state, we perform sufficiently long real-time propagation by solving the Maxwell-Bloch equation (1) . Here, the initial condition is set to the ground state, ρ(t = 0) = |g g|. Figure 1 shows the population of the excited state, ρ ee (t) = e|ρ(t)|e , of the two-level system as a function of time for different field strength, F 0 . Here, both the relaxation times, T 1 and T 2 , are set to 30 /∆ in order to investigate the dynamics under a relatively weak-relaxation condition, T 1 , T 2 /∆. At the initial time (t = 0), the excited population is zero as the initial state is set to the ground state |g . As seen from the figure, the excited population ρ ee (t) asymptotically reaches dynamics, which has the same time-periodicity as the external field T , in the long propagation limit for each field strength. In contrast, one sees that oscillatory features that have longer periodicity than T are observed in the stronger field cases, and the periods of the oscillation depend on the field strength. The period of the oscillatory feature is close to that of the Rabi oscillation, T R = 2π/Ω R , where Ω R is the Rabi frequency, Ω R = F 0 / . Thus, these oscillatory features can be understood as the Rabi oscillation with damping due to the dissipation. Now we turn to studying the basic properties of the nonequilibrium steady state, employing the Floquet fidelity, S F . Figure 2 shows the computed Floquet fidelity of the nonequilibrium steady state as a function of driving field strength F 0 . The results with different relaxation conditions are shown in the figure. The general feature is that, while the Floquet fidelity S F becomes zero in the weak field limit, S F asymptotically reaches unity in the strong field limit. This fact indicates that the Floquet states are significantly destructed by the dissipation in the weak field regime. In contrast, in the strong field regime, the contribution from the external driving field overcomes the dissipation effect, and the Floquet states are stabilized.
In Fig. 2 , squares (purple), up-pointing triangles (red), and circles (green) show the computed Floquet fidelity S F with the same longitudinal relaxation time T 1 = 30 /∆ but with different decoherence time T 2 . Comparing these results, one sees that the Floquet fidelity becomes smaller when the decoherence time T 2 becomes shorter. This fact indicates that the coherence plays an important role to form the Floquet states, and the decoherence is a source of the destruction of the Floquet states. In contrast, in Fig. 2 , up-pointing triangles (red) and down-pointing triangles (blue) show the Floquet fidelity with the same decoherence time T 2 = 30 /∆ but different longitudinal relaxation time T 1 . Despite the significant difference of the longitudinal relaxation time T 1 , the numerics provide almost identical Floquet fidelities for all the investigated field strengths. This fact clearly demonstrates that the population relaxation does not directly affect the formation of Floquet states but it only affects the population of the formed dressed states. Therefore, the decoherence time T 2 is the only significant parameter for the realization of the Floquet states, at least in the presently discussed Maxwell-Bloch equation. Next we study the quasienergy spectrum of the driven open-quantum system, computed by the stochastic trajectory approach, Eq. (22), employing a sin 2 envelope for the probe field f (t) with the total duration of 200π /∆, which is 100 optical cycles of the pump field in the resonant condition, Ω = ∆. Figure 3 shows the spectral density as a function of quasienergy E q , which is defined by the difference of the photon-energy of the probe field ω and the energy of the detector state , E q = ω − . Here, the relaxation times, T 1 and T 2 , are set to 30 /∆. The results computed with different field strength F 0 are compared in Fig. 3 . The result without driving field (black solid line) shows a peak at −∆/2, which is the single-particle energy of the ground state |g . Because the quantum jump process in the stochastic approach with the Lindblad operators, Eq. (5) and Eq. (6), does not affect the ground state, |g , the linewidth of the ground state spectrum is solely caused by the bandwidth of the probe pulse. When a driving field is applied, the quasienergy peak is broadened (red-dashed line) because the dissipative mechanism is activated by the photo-excitation. Once the applied field strength becomes strong enough, the quasienergy peak is split into two peaks, reflecting the well-known Rabi splitting (see green-dotted and bluedash-dot lines). These results demonstrate that signatures of Floquet states are disturbed by dissipation, and they can be evident only when the driving field strength is strong enough by overcoming the dissipation contribution. Let us now take a closer look at the role of the decoherence in the formation of Floquet states. For this purpose, we compute the quasienergy spectrum while also changing the decoherence time, T 2 . Figure 4 shows the computed quasienergy spectra with Eq. (22) . In these calculations, the longitudinal relaxation time is fixed to T 1 = 30 /∆, and the field strength is fixed to F 0 = 0.2∆. The period of the corresponding Rabi flopping is T R = 2π/F 0 ≈ 30 /∆. The red-solid line in Fig. 4 shows the result with the decoherence time T 2 of 30 /∆, which is almost identical to the period of the Rabi oscillation T R , but it clearly shows the double peak structure of the Rabi splitting, where the corresponding Rabi splitting energy is Ω R = F 0 = 0.2∆. The green-dashed line shows the result with T 2 = 10 /∆, which is almost one third of the Rabi cycle T R . The result clearly demonstrates that the key feature of Floquet states, namely Rabi-splitting, is still fairly visible even though the decoherence time is substantially shorter than the Rabi cycle (T 2 < T R ). However, if the coherence time T 2 is further halved and is set to T 2 = 5 /∆, the double-peak structure disappears (blue dotted line). This fact indicates that the coherence should survive for, at least, one third of the period of the Rabi oscillation in order to fairly observe the Rabi splitting. Interestingly, by comparing the red-solid line and the blue-dotted line in Fig. 4 , one can clearly see that the disappearance of the double-peak structure originates from not only the line-broadening but also the collapse of the gap. This fact further implies that the formation of the Floquet states are significantly disturbed due to loss of coherence. Next, we explore the role of the dissipation in the nonequilibrium steady state based on an analysis of the microscopic energy flow. Figure 5 schematically shows the energy flow among the external driver (external field), the subsystem, and the bath. As seen from the figure, we consider two kinds of energy flow, P ext (t) and P dis (t): P ext (t) is the energy flow from the external field to the subsystem, and P dis (t) is that from the environment (dissipation) to the subsystem. The energy flow from the external field to the subsystem P ext can be evaluated with the Joule heating (Ohmic heating) as P ext (t) = Tr 1 i
Because of the total energy conservation law, the energy change of the subsystem has to be identical to the sum of the energy transfer as
where E s (t) is the energy of the subsystem, E s (t) = Tr {∆σ z ρ(t)} /2. Based on this fact, we redefine P dis (t) as
FIG. 5. Schematic diagram of the energy flow among the external driver (external field), the subsystem, and the bath. Two kinds of energy flow exist: One is the flow from the external driver to the subsystem Pext, and the other is that from the bath to the subsystem P dis . Figure 6 shows the energy flow in the nonequilibrium steady state as a function of time for different field strength F 0 . Here, we set both the relaxation times, T 1 and T 2 , to 30 /∆. As seen from Fig. 6 (a) , the energy flow from the light to the subsystem P ext (t) (greendashed line) is always positive while that from the environment to the subsystem P dis (t) (blue-dotted line) is always negative. Therefore, the transferred energy from the external field does not return to the external driver but it is completely dissipated by the environment in the weak field regime. Hence, the energy exchange between the subsystem and the external driver is significantly disturbed by the dissipation, and the formation of Floquet states is prevented. As shown in Fig. 6 (b) , once the field strength becomes substantially strong (F 0 = 0.5∆), the energy flow P ext (t) shows a negative value around a certain time. The corresponding Floquet fidelity S F for this field strength is about 0.9 (see Fig. 2 ). This fact indicates that the transferred energy from the external driver to the subsystem is not completely dissipated to the environment, but a part of the transferred energy is returned to the external driver. Thus, the energy exchange between the subsystem and the external driver becomes possible, and the corresponding Floquet states are fairly formed. As shown in Fig. 6 (c) , once the field strength becomes very strong (F 0 = ∆), the energy flow P ext (t) becomes dominant, compared with the dissipation P dis (t), and almost all of the transferred energy from the external driver to the subsystem returns back to the driver. As a result, the corresponding Floquet fidelity S F becomes almost unity (see Fig. 2 ), and the Floquet states are almost perfectly realized.
Based on the above analysis, the energy exchange between the system and the driving field is expected to play an important role to realize Floquet state as well as the photo-dressed states. This results may further indicate a possibility to stabilize Floquet states by tuning the energy exchange with additional controlling fields such as a secondary laser field. A possibility of stabilization of Floquet states with multi-color laser fields will be investigated in future work based on these findings. At the end of this subsection, we investigate the nonequilibrium steady state under the significant decoherence, where the decoherence time is substantially shorter than the cycle of the external driving. Thus, the coherence does not survive even for the single period of the driving field. Under such significant decoherence, can Floquet states be still realized? To address this question, we investigate the nonequilibrium steady state by setting T 1 to 30 /∆ and T 2 to T cycle /2, which is the half cycle of the external driving. Figure 7 shows the computed Floquet fidelity as a function of the driving field strength F 0 . In the weak field limit, the Floquet fidelity becomes zero, indicating that the Floquet states is significantly disturbed by the decoherence. In contrast, the Floquet fidelity asymptotically reaches to one in the strong field regime, indicating that the decoherence effect is overcome by the strong driving, and the Floquet states are stabilized. This result clearly demonstrates that Floquet states can be realized with a sufficiently strong driving field even under the influence of significant decoherence, where the coherence is lost before the single-cycle of the external driving. 
B. Off-resonance
Here, we investigate the nonequilibrium steady state in an off-resonant condition. For this purse, we set the driving frequency Ω of the field to one third of the gap of the system, ∆/3 . This is nothing else than the threephoton resonance condition. Note that the three-photon absorption process is the lowest order nonlinear photoexcitation in the present model because the even-photon absorption processes, including the two-photon absorption, are forbidden by the symmetry of the Hamiltonian. In this subsection, we further set both the relaxation times, T 1 and T 2 , to 30 /∆. Figure 8 (a) shows the computed Floquet fidelity S F as a function of field strength F 0 . In the weak field regime, the Floquet fidelity is close to one, indicating that the Floquet states are almost perfectly realized. This behavior is qualitatively different from that in the resonant condition (see Fig. 2 ): in the resonant condition, the Floquet fidelity is almost zero in the weak field regime. The qualitative difference of the two conditions can be explained by the photo-induced population transfer [37, 38] : While the dissipation mechanism is activated in the resonant condition because the excited state is populated by the resonant excitation, it is not activated in the off-resonant condition because the population transfer cannot occur due to the energy gap. Once the field strength becomes substantially strong, the Floquet fidelity becomes small, indicating that the Floquet states are disturbed by the dissipation. Then, when the field strength becomes even stronger, the Floquet fidelity approaches to one again. To elucidate the mechanism of the temporal reduction of the Floquet fidelity in Fig. 8 (a) , we evaluate Floquet quasienergies based on the Fourier decomposition of the Floquet states, 
where a,m is the replicated Floquet-quasienergy defined as a,m = a + m Ω, and |u a,m is the corresponding Fourier component. Figure 8 (b) shows the computed Floquet quasienergy a,m as a function of the applied field strength, F 0 . The false color shows the norm of the corresponding state, u a,m |u a,m . In the weak field limit, the states have the bare gap of ∆. As the field strength increases, the gap becomes larger due to the dynamical Stark effect. When the field strength F 0 is close to ∆, the gap between the dominantly populated states reaches 5∆/3, which is identical to five times the photon-energy of the applied field, Ω = ∆/3. Therefore, the five-photon absorption process is expected to occur around this field strength. Indeed, the Floquet quasienergy spectrum in Fig. 8 (b) clearly shows the energy splitting around this field strength. Evidently, the Floquet fidelity S F is sharply reduced around this five-photon absorption regime, comparing Figs. 8 (a) and (b). Therefore, the destruction of the Floquet states can be understood as the activation of the dissipative mechanism through multi-photon processes. Importantly, the three-photon absorption process, which is the lowest possible multi-photon absorption process does not have a substantial impact on the activation of the dissipation because it is significantly suppressed by the band-gap renormalization due to the dynamical Stark effect.
The above finding indicates that the population transfer (heating effect) has a significant impact in the disappearance of the Floquet states even in the off-resonant condition.
IV. SUMMARY
In this work, we investigated some basic properties of nonequilibrium steady states driven by periodic driving fields under the influence of dissipation. We employed the Maxwell-Bloch equation [42, 43] and equivalent formulations in order to evaluate the Floquet fidelity S F and the quasienergy spectrum of the nonequilibrium steady state. First, we investigated the properties of the nonequilibrium steady state in the resonant driving condition. In the weak field strength limit, the Floqeut fidelity approaches to zero. This fact indicates that the Floquet states are significantly destructed by the systemenvironment interaction that is triggered by the photoexcited population ρ ee (t) = e|ρ(t)|e . When the field strength becomes substantial, the Floquet fidelity monotonically increases and asymptotically approaches to one, reflecting that the nonequilibrium steady states are perfectly described by the Floquet states. This behavior can be understood in terms of the competition of the driving field contribution and the dissipation contribution. In the weak field regime, the driving field contribution is overcome by the dissipation contribution. As a result, the Floquet states are significantly disturbed, and the Floquet fidelity S F becomes small. Once the field strength becomes strong enough, the driving field contribution becomes dominant, compared with the dissipation contribution. As a result, the Floquet states are stabilized, and the Floqeut fidelity approaches to one.
To elucidate the detailed roles of the dissipation, we evaluated the Floquet fidelity by varying the relaxation times, T 1 and T 2 . As a result, we found that the longitudinal relaxation time T 1 does not have a direct impact on the formation of Floquet states while the transverse relaxation time (decoherence time) T 2 has a significant impact on the formation and the destruction of Floquet states. These results indicate that the coherence plays an important role in the formation of Floquet states and it has to survive for a relevant timescale to realize Floquet states.
Then, employing the stochastic wavefunction approach, we investigate the quasienergy structure of the nonequilibrium steady state in the resonant condition. Consistently with the above Floquet fidelity analysis, the quasienergy spectrum shows the double peak structure as a signature of the Rabi-splitting once the applied field strength becomes strong enough. To elucidate the role of the decoherence in the formation of the Floquet features, we computed the energy spectrum by varying the decoherence time T 2 (see Fig. 4 ). As a result, we found that the decoherence destructs the feature of the Floquet states in the energy spectrum by causing the collapse of the gap of the Rabi splitting. This fact clearly demonstrates that the decoherence does not only hide the Floquet features in the spectrum due to the linebroadening but also destructs the Floquet states themselves. Therefore, the suppression of the decoherence effects is expected to be very important to optically control material functionalities via the Floquet engineering.
Next, we studied the nonequilibrium steady state under the influence of the significant decoherence in order to address the following question: Can Floquet states be formed even if the coherence is annihilated before the optical cycle? As a result of the analysis, we demonstrated that the Floquet states can indeed be formed even under the significant decoherence once the field strength becomes strong enough (see Fig. 7 ). This fact indicates that the period of driving fields is not a relevant timescale for the formation of Floquet states.
Finally, we investigated the Floquet fidelity in the offresonant condition, where the photon-energy of the driving field is set to the one third of the gap, Ω = ∆/3. In the off-resonant condition, the Floquet fidelity becomes almost one in the weak field regime in contrast to the resonant condition. This result indicates that the Floquet states are well formed in the off-resonant weak field regime because the photo-excitation is forbidden by the gap and the dissipation contribution is not activated. Furthermore, we found that the Floquet fidelity can be substantially reduced once the multi-photon excitation becomes relevant because the photo-excitation further triggers the dissipation mechanism and the Floquet states are disturbed by the system-environment interaction.
The above findings clearly demonstrate that heating effects and/or photo-excitation effects can significantly affect the formation of Floquet states because the excess energy of excited systems can be dissipated to its environment through the system-environment interaction, which further destructs the coherence of the field driven dynamics. Therefore, one can expect that the Floquet states may be stabilized by reducing the effective energy dissipation to the environment with additional external driving fields. For example, one may realize the stabilized Floquet states with multi-color laser fields; one color mainly drives the Floquet states, and the other colors sta-bilize them by renormalizing the energy dissipation. This is also known as optical-control of coherence through the control of dissipation, and it may further introduce additional degree of freedoms in the Floquet engineering and the optical-control itself.
